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We study the transferring of useful energy (work) along a transmission line that allows for par-
tial preservation of quantum coherence. As a figure of merit we adopt the maximum values that
ergotropy, total ergotropy, and non-equilibrium free-energy attain at the output of the line for an
assigned input energy threshold. For Phase-Invariant Bosonic Gaussian Channels (BGCs) models,
we show that coherent inputs are optimal. For (one-mode) not Phase-Invariant BGCs we solve the
optimization problem under the extra restriction of Gaussian input signals.

Introduction :– Quantum technologies, which are ex-
tremely successful in delivering groundbreaking improve-
ments for information processing procedures [1], have a
chance of being essential also in the management of en-
ergy sources. In particular the tremendous advances in
experimental techniques witnessed in the last decade [2–
7] suggest the possibility of realistically enhancing the
performances of thermal machines by designing new
types of devices that maintain some degree of quantum
coherence in their functioning (quantum thermal ma-
chines) [8–35]. Furthermore recent studies [36–41] in-
dicate that using genuine quantum systems as energy
storing devices (quantum batteries) could be crucial in
speeding up energy charging processes – see Ref. [42] for
a first experimental proof-of-concept implementation. In
view of these results, it makes sense to study the im-
pact that quantum e↵ects may have on energy transmis-
sion procedures. Aim of the present paper is exactly to
address this issue by presenting a first study of Quan-
tum Energy Lines (QELs in brief) which, at variance
with traditional models, are capable to preserve a certain
degree of quantum coherence during the transfer of en-
ergy pulses. Previous works on the subject can be found
in quantum biology where it was observed the rather
counter-intuitive feature of noise-enhanced speedup [43–
45] which may actually contribuite to the e�ciency of
the light-harvesting complexes responsible of photosin-
tesis [46–50]. Moreover, there have been theoretical at-
tempts to teleport energy using ground state fluctuations
of quantum fields [51, 52]. At variance with those studies
where ultimately the main goal of the transmission line
is to connect classical energy sources to classical users, in
our vision QELs could be employed to improve the con-
nectivity between energy power plants or energy storing
sites that are capable to handle energy in a quantum co-
herent fashion by avoiding the need to pass through un-
necessary quantum-to-classical and classical-to-quantum
conversion stages – see e.g. [53].

While rather unconventional, prototypical examples of
QELs already exist in the form of free space or fiber
transmission quantum optical communication lines which
are currently under development by various international
agencies [54–59]. These schemes have been extensively

studied by the quantum information community [60–
69] and admit a formal description in terms the so call
Bosonic Gaussian Channels (BGCs) formalism [60–64]
which we shall adopt hereafter. Within this setting the
main goal of the present analysis is to identify the pulses
that have to be sent through the QEL to ensure the low-
est level of energy waste. Such task is not dissimilar
from the optimization problem one faces with more con-
ventional power lines: in the present case however the
issue is complicated by the absence of a clear distinction
between heat and work in a purely quantum mechani-
cal setting [70–73]. To begin with it is worth stressing
that singling out the useful part (work) of the internal
energy of a quantum system (in our case the output sig-
nals of the QEL), strongly depends upon the resources
we devote to the process [74]. The fundamental theo-
retical tool to address this issue is provided by the er-
gotropy E , a non-linear functional of the state of the
quantum system which gauges the maximal amount of
energy one can recover by means of reversible coherent
(i.e. unitary) processes [75]. This quantity is relevant
in the study of cycles [23–28] and it has important con-
nections with the theories of entanglement and coher-
ence [29–31]. If we have instead access to many copies
of the system, the relevant quantity is the total ergotropy
Etot, which is the work that we reversibly extract from
an ensemble of asymptotically many copies of the system
of interest [74, 76]. Finally, granting access to a thermal
bath, we can push the work extraction process to a fur-
ther level measured by the non-equilibrium free-energy
F

� of the state [77–79].

Ergotropy, total ergotropy, and non-equilibrium free-
energy all qualify as bona-fide figures-of-merit for the
work we can extract from a quantum system. Accord-
ingly in what follows we shall study the e�ciency of a
QEL by determining which, among the set of signals that
have the same input energy, ensure the highest values of
E ,Etot, and F

� at the receiving end of the line. For the
special case of QELs described by Phase-Insensitive (PI)
BGCs which describe propagation loss, thermalization
and amplification noise e↵ects, we provide an exact solu-
tion of the optimization task showing that optical coher-
ent states [80, 81] always ensure the best performances
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 Quantum Energy Lines
(Energy transmission)

Can we use “quantum signals” to transfer energy?

What are the suitable (realistic) models?

Are they efficient? 

What are the proper figure of merit to address the problem?

x yρx ρ
′

x

encoding decoding

transferring

Figure 1. Transferring classical data x ∈ X via a quantum information carrier. The
first stage of the process requires the encoding of x into a quantum state ρx of the
carrier (c-q mapping); then the carrier propagates along the communication line and
its state gets transformed into the density matrix ρ′x (q-q mapping); finally there is
the decoding stage where the receiver of the message tries to recover x by performing
some measurement on ρ′x and obtaining the classical outcome y (q-c mapping).

order to preserve the statistical structure of the process, a mixed input state of X defined

by the probability distribution P = {px} is mapped by the c-q channel into the density

operator ρ =
∑

x pxρx.
On the other hand, the decoding stage of Fig. 1 is characterized by a quantum-

classical (q-c) mapping that establishes the probabilities of the output letters y ∈
Y corresponding to the quantum state of the carrier emerging from the quantum

communication line. Such a mapping is implemented by a quantum measurement and

it is characterized by assigning the probability distribution py(ρ) that, given a generic

state ρ of the carrier, defines the statistics of the possible measurement outcomes. It
can be shown [87] that the linear dependence of py(ρ) resulting from the preservation of

mixtures, along with general properties of probabilities, implies the following functional

structure

py(ρ) = Tr ρMy , (6)

where {My} is a collection of Hermitian operators in H with the properties:

My ≥ 0,
∑

y My = I. Any such collection is called probability operator-valued

measure (POVM), or, in the modern quantum phenomenology, just observable (with

values y) [88]. Later we shall explain how the operators My arise from the dynamical

description of a measurement process. An observable is called sharp if My are mutually

orthogonal projection operators, i.e. M2
y = My,MyMy′ = 0 if y #= y′. In this case (6)

amounts to the well-known “Born-von Neumann statistical postulate” [42, 181].

The c-q and q-c transformations described above are special cases of quantum

channels with classical input, resp. output, which will be considered in more detail in

Sec. 2.8. The central link in the scheme of Fig. 1 is what really defines the quantum

character of the process. It describes the transformation that the state of the quantum

carrier experiences when propagating through the communication line and it is fully
characterized by assigning a quantum-quantum (q-q) mapping

Φ : ρ −→ ρ′ = Φ[ρ] , (7)
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QUANTUM ENERGY LINES

“Any physical media that allows one to transfer energy from one location A 
to a second location B while maintaining a certain degree of quantum coherence in the 

transmitted signals.” 

Optical fibers

Wave guides

Free-space e.m. communication

Nanowires 

Metallic leads

…

x yρx ρ
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x

encoding decoding

transferring

Figure 1. Transferring classical data x ∈ X via a quantum information carrier. The
first stage of the process requires the encoding of x into a quantum state ρx of the
carrier (c-q mapping); then the carrier propagates along the communication line and
its state gets transformed into the density matrix ρ′x (q-q mapping); finally there is
the decoding stage where the receiver of the message tries to recover x by performing
some measurement on ρ′x and obtaining the classical outcome y (q-c mapping).

order to preserve the statistical structure of the process, a mixed input state of X defined

by the probability distribution P = {px} is mapped by the c-q channel into the density

operator ρ =
∑

x pxρx.
On the other hand, the decoding stage of Fig. 1 is characterized by a quantum-

classical (q-c) mapping that establishes the probabilities of the output letters y ∈
Y corresponding to the quantum state of the carrier emerging from the quantum

communication line. Such a mapping is implemented by a quantum measurement and

it is characterized by assigning the probability distribution py(ρ) that, given a generic

state ρ of the carrier, defines the statistics of the possible measurement outcomes. It
can be shown [87] that the linear dependence of py(ρ) resulting from the preservation of

mixtures, along with general properties of probabilities, implies the following functional

structure

py(ρ) = Tr ρMy , (6)

where {My} is a collection of Hermitian operators in H with the properties:

My ≥ 0,
∑

y My = I. Any such collection is called probability operator-valued

measure (POVM), or, in the modern quantum phenomenology, just observable (with

values y) [88]. Later we shall explain how the operators My arise from the dynamical

description of a measurement process. An observable is called sharp if My are mutually

orthogonal projection operators, i.e. M2
y = My,MyMy′ = 0 if y #= y′. In this case (6)

amounts to the well-known “Born-von Neumann statistical postulate” [42, 181].

The c-q and q-c transformations described above are special cases of quantum

channels with classical input, resp. output, which will be considered in more detail in

Sec. 2.8. The central link in the scheme of Fig. 1 is what really defines the quantum

character of the process. It describes the transformation that the state of the quantum

carrier experiences when propagating through the communication line and it is fully
characterized by assigning a quantum-quantum (q-q) mapping

Φ : ρ −→ ρ′ = Φ[ρ] , (7)
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Figure 1. Transferring classical data x ∈ X via a quantum information carrier. The
first stage of the process requires the encoding of x into a quantum state ρx of the
carrier (c-q mapping); then the carrier propagates along the communication line and
its state gets transformed into the density matrix ρ′x (q-q mapping); finally there is
the decoding stage where the receiver of the message tries to recover x by performing
some measurement on ρ′x and obtaining the classical outcome y (q-c mapping).

order to preserve the statistical structure of the process, a mixed input state of X defined

by the probability distribution P = {px} is mapped by the c-q channel into the density

operator ρ =
∑

x pxρx.
On the other hand, the decoding stage of Fig. 1 is characterized by a quantum-

classical (q-c) mapping that establishes the probabilities of the output letters y ∈
Y corresponding to the quantum state of the carrier emerging from the quantum

communication line. Such a mapping is implemented by a quantum measurement and

it is characterized by assigning the probability distribution py(ρ) that, given a generic

state ρ of the carrier, defines the statistics of the possible measurement outcomes. It
can be shown [87] that the linear dependence of py(ρ) resulting from the preservation of

mixtures, along with general properties of probabilities, implies the following functional

structure

py(ρ) = Tr ρMy , (6)

where {My} is a collection of Hermitian operators in H with the properties:

My ≥ 0,
∑

y My = I. Any such collection is called probability operator-valued

measure (POVM), or, in the modern quantum phenomenology, just observable (with

values y) [88]. Later we shall explain how the operators My arise from the dynamical

description of a measurement process. An observable is called sharp if My are mutually

orthogonal projection operators, i.e. M2
y = My,MyMy′ = 0 if y #= y′. In this case (6)

amounts to the well-known “Born-von Neumann statistical postulate” [42, 181].

The c-q and q-c transformations described above are special cases of quantum

channels with classical input, resp. output, which will be considered in more detail in

Sec. 2.8. The central link in the scheme of Fig. 1 is what really defines the quantum

character of the process. It describes the transformation that the state of the quantum

carrier experiences when propagating through the communication line and it is fully
characterized by assigning a quantum-quantum (q-q) mapping

Φ : ρ −→ ρ′ = Φ[ρ] , (7)
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some measurement on ρ′x and obtaining the classical outcome y (q-c mapping).
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classical (q-c) mapping that establishes the probabilities of the output letters y ∈
Y corresponding to the quantum state of the carrier emerging from the quantum

communication line. Such a mapping is implemented by a quantum measurement and

it is characterized by assigning the probability distribution py(ρ) that, given a generic

state ρ of the carrier, defines the statistics of the possible measurement outcomes. It
can be shown [87] that the linear dependence of py(ρ) resulting from the preservation of

mixtures, along with general properties of probabilities, implies the following functional
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where {My} is a collection of Hermitian operators in H with the properties:

My ≥ 0,
∑

y My = I. Any such collection is called probability operator-valued

measure (POVM), or, in the modern quantum phenomenology, just observable (with

values y) [88]. Later we shall explain how the operators My arise from the dynamical

description of a measurement process. An observable is called sharp if My are mutually

orthogonal projection operators, i.e. M2
y = My,MyMy′ = 0 if y #= y′. In this case (6)

amounts to the well-known “Born-von Neumann statistical postulate” [42, 181].
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Sec. 2.8. The central link in the scheme of Fig. 1 is what really defines the quantum

character of the process. It describes the transformation that the state of the quantum

carrier experiences when propagating through the communication line and it is fully
characterized by assigning a quantum-quantum (q-q) mapping

Φ : ρ −→ ρ′ = Φ[ρ] , (7)
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Which input signals with assigned input energy E produce output signals
that ensure the highest value of “useful energy”?

Physical Model of the QEL

<latexit sha1_base64="ifrOHjQC2NoDODibmEL7DTIKwas=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkqioh6LXnqsYD+gCWWznbRLN5u4uxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvdK9v5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej26nffgSpWCzu9TgBPyIDwUJGiTZSzy5VvCHRWX3iDeABO6c9u+xUnRnwMnFzUkY5Gj37y+vHNI1AaMqJUl3XSbSfEakZ5TApeqmChNARGUDXUEEiUH42O3yCT4zSx2EsTQmNZ+rviYxESo2jwHRGRA/VojcV//O6qQ6v/YyJJNUg6HxRmHKsYzxNAfeZBKr52BBCJTO3YjokklBtsiqaENzFl5dJ66zqXlbP7y7KtZs8jgI6Qseoglx0hWqojhqoiShK0TN6RW/Wk/VivVsf89YVK585RH9gff4AhymSXA==</latexit>
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Figure 1. Transferring classical data x ∈ X via a quantum information carrier. The
first stage of the process requires the encoding of x into a quantum state ρx of the
carrier (c-q mapping); then the carrier propagates along the communication line and
its state gets transformed into the density matrix ρ′x (q-q mapping); finally there is
the decoding stage where the receiver of the message tries to recover x by performing
some measurement on ρ′x and obtaining the classical outcome y (q-c mapping).

order to preserve the statistical structure of the process, a mixed input state of X defined

by the probability distribution P = {px} is mapped by the c-q channel into the density

operator ρ =
∑

x pxρx.
On the other hand, the decoding stage of Fig. 1 is characterized by a quantum-

classical (q-c) mapping that establishes the probabilities of the output letters y ∈
Y corresponding to the quantum state of the carrier emerging from the quantum

communication line. Such a mapping is implemented by a quantum measurement and

it is characterized by assigning the probability distribution py(ρ) that, given a generic

state ρ of the carrier, defines the statistics of the possible measurement outcomes. It
can be shown [87] that the linear dependence of py(ρ) resulting from the preservation of

mixtures, along with general properties of probabilities, implies the following functional

structure

py(ρ) = Tr ρMy , (6)

where {My} is a collection of Hermitian operators in H with the properties:

My ≥ 0,
∑

y My = I. Any such collection is called probability operator-valued

measure (POVM), or, in the modern quantum phenomenology, just observable (with

values y) [88]. Later we shall explain how the operators My arise from the dynamical

description of a measurement process. An observable is called sharp if My are mutually

orthogonal projection operators, i.e. M2
y = My,MyMy′ = 0 if y #= y′. In this case (6)

amounts to the well-known “Born-von Neumann statistical postulate” [42, 181].

The c-q and q-c transformations described above are special cases of quantum

channels with classical input, resp. output, which will be considered in more detail in

Sec. 2.8. The central link in the scheme of Fig. 1 is what really defines the quantum

character of the process. It describes the transformation that the state of the quantum

carrier experiences when propagating through the communication line and it is fully
characterized by assigning a quantum-quantum (q-q) mapping

Φ : ρ −→ ρ′ = Φ[ρ] , (7)
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order to preserve the statistical structure of the process, a mixed input state of X defined

by the probability distribution P = {px} is mapped by the c-q channel into the density

operator ρ =
∑

x pxρx.
On the other hand, the decoding stage of Fig. 1 is characterized by a quantum-

classical (q-c) mapping that establishes the probabilities of the output letters y ∈
Y corresponding to the quantum state of the carrier emerging from the quantum

communication line. Such a mapping is implemented by a quantum measurement and

it is characterized by assigning the probability distribution py(ρ) that, given a generic

state ρ of the carrier, defines the statistics of the possible measurement outcomes. It
can be shown [87] that the linear dependence of py(ρ) resulting from the preservation of

mixtures, along with general properties of probabilities, implies the following functional
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where {My} is a collection of Hermitian operators in H with the properties:

My ≥ 0,
∑

y My = I. Any such collection is called probability operator-valued

measure (POVM), or, in the modern quantum phenomenology, just observable (with

values y) [88]. Later we shall explain how the operators My arise from the dynamical

description of a measurement process. An observable is called sharp if My are mutually

orthogonal projection operators, i.e. M2
y = My,MyMy′ = 0 if y #= y′. In this case (6)

amounts to the well-known “Born-von Neumann statistical postulate” [42, 181].
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channels with classical input, resp. output, which will be considered in more detail in

Sec. 2.8. The central link in the scheme of Fig. 1 is what really defines the quantum

character of the process. It describes the transformation that the state of the quantum

carrier experiences when propagating through the communication line and it is fully
characterized by assigning a quantum-quantum (q-q) mapping

Φ : ρ −→ ρ′ = Φ[ρ] , (7)
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�E = Eout � ✏0 = Q�W
?

Quantum 

Battery

Quantum 

Battery



“USEFUL” ENERGY = EXTRACTABLE WORK in a QUANTUM SETTING

?

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ
<latexit sha1_base64="Z+4LDBZl46xfWlikM3KLgns2Uwk=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbRU0lU1GPRi8cK9gOSUDbbTbt0sxt2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHobup3npg2XMlHGKcsTMhA8phTAlbygyGBPNBDNTntVWtu3Z0BLxOvIDVUoNmrfgV9RbOESaCCGON7bgphTjRwKtikEmSGpYSOyID5lkqSMBPms5Mn+MQqfRwrbUsCnqm/J3KSGDNOItuZEBiaRW8q/uf5GcQ3Yc5lmgGTdL4ozgQGhaf/4z7XjIIYW0Ko5vZWTIdEEwo2pYoNwVt8eZm0z+veVf3i4bLWuC3iKKMjdIzOkIeuUQPdoyZqIYoUekav6M0B58V5dz7mrSWnmDlEf+B8/gBYIJFN</latexit>

⇢̂0

The answer depends on the type of allowed transformation and on the resources 
we invest in the process

WE FOCUS ON THREE DIFFERENT SCENARIOS

<latexit sha1_base64="oLdf9uugmtoMLtGxc8iLIzYk1uE=">AAACF3icbZDLSsNAFIYnXmu9RV26GSxC3ZRERd0IRRG6rNAbJKFMppN26CQTZiZiCXkLN76KGxeKuNWdb+O0DaitBwY+/v8czpzfjxmVyrK+jIXFpeWV1cJacX1jc2vb3NltSZ4ITJqYMy46PpKE0Yg0FVWMdGJBUOgz0vaH12O/fUeEpDxqqFFMvBD1IxpQjJSWumblpuwOkEpdMeDZEbyEbujz+7QhMgf+GFOsZV7XLFkVa1JwHuwcSiCvetf8dHscJyGJFGZISse2YuWlSCiKGcmKbiJJjPAQ9YmjMUIhkV46uSuDh1rpwYAL/SIFJ+rviRSFUo5CX3eGSA3krDcW//OcRAUXXkqjOFEkwtNFQcKg4nAcEuxRQbBiIw0IC6r/CvEACYSVjrKoQ7BnT56H1nHFPquc3J6Wqld5HAWwDw5AGdjgHFRBDdRBE2DwAJ7AC3g1Ho1n4814n7YuGPnMHvhTxsc3njafnw==</latexit>

E(⇢̂) = Tr[⇢̂Ĥ]
<latexit sha1_base64="R78/09k3nc561DsRNuLsrAIRP0c=">AAACGXicbZDLSsNAFIYn9VbrLerSzWAR66YkKupGKIrQZYXeIAllMp22QyeZMDMRS8hruPFV3LhQxKWufBunbRa19cDAx/+fw5nz+xGjUlnWj5FbWl5ZXcuvFzY2t7Z3zN29puSxwKSBOeOi7SNJGA1JQ1HFSDsSBAU+Iy1/eDv2Ww9ESMrDuhpFxAtQP6Q9ipHSUse07kruAKnEFQOeHp/Aa+gGPn9M6iJ14Iwz5WrqdcyiVbYmBRfBzqAIsqp1zC+3y3EckFBhhqR0bCtSXoKEopiRtODGkkQID1GfOBpDFBDpJZPLUniklS7scaFfqOBEnZ1IUCDlKPB1Z4DUQM57Y/E/z4lV78pLaBjFioR4uqgXM6g4HMcEu1QQrNhIA8KC6r9CPEACYaXDLOgQ7PmTF6F5WrYvymf358XKTRZHHhyAQ1ACNrgEFVAFNdAAGDyBF/AG3o1n49X4MD6nrTkjm9kHf8r4/gV4WqAB</latexit>

E(⇢̂0) = Tr[⇢̂0Ĥ]

<latexit sha1_base64="oOM4QmlOqAtZ3frp9ngcsCKP8es=">AAACF3icbVDLSgMxFM3UV62vqks3wSK2i5YZFXVTKGrBZQv2AZ1SMmnaCc08SO4IZehfuPFX3LhQxK3u/BvTx8K2Hrhwcs695N7jhIIrMM0fI7Gyura+kdxMbW3v7O6l9w/qKogkZTUaiEA2HaKY4D6rAQfBmqFkxHMEaziD27HfeGRS8cB/gGHI2h7p+7zHKQEtddIF+44JILhcxOWs7RKIbekGo9Ncfu6dK+IqzuNGJ50xC+YEeJlYM5JBM1Q66W+7G9DIYz5QQZRqWWYI7ZhI4FSwUcqOFAsJHZA+a2nqE4+pdjy5a4RPtNLFvUDq8gFP1L8TMfGUGnqO7vQIuGrRG4v/ea0IetftmPthBMyn0496kcAQ4HFIuMsloyCGmhAqud4VU5dIQkFHmdIhWIsnL5P6WcG6LJxXLzKlm1kcSXSEjlEWWegKldA9qqAaougJvaA39G48G6/Gh/E5bU0Ys5lDNAfj6xeISp0F</latexit>

�E = E(⇢̂0)� E(⇢̂) = Q�W



1) If you allow only MODULATIONS of 
the system Hamiltonian (no thermal 
contact with external baths),        

Quantum work extraction

Ergotorpy is the work extractable by unitary operations:

E(⇢̂) := Tr
h
⇢̂Ĥ

i
�min

V
Tr
h
V ⇢̂V †

Ĥ

i
.

A. E. Allahverdyan et al. EPL 67, 565 (2004)
Total ergotropy is the ergotropy extractable with infinite copies of a
system:

Etot(⇢̂) := lim
k!1

E(⇢̂⌦k)

k
.

C. Sparaciari et al. PRA 96, 052112 (2017)
Non-equilibirum free energy is the energy that can be extracted if one has
access to a thermal reservoir:

F�(⇢̂) := Tr
h
⇢̂Ĥ

i
� 1

�
S(⇢̂)

F. Brandão et al. PNAS 112, 3275 (2015)

EW= ERGOTROPY

Lenard JSP 19 (1978)
Petz & Woronowicz CMP (1978)

Alicki JPA (1979)
Allahverdjan et al. EPL 67 (2004)

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂

<latexit sha1_base64="oLdf9uugmtoMLtGxc8iLIzYk1uE=">AAACF3icbZDLSsNAFIYnXmu9RV26GSxC3ZRERd0IRRG6rNAbJKFMppN26CQTZiZiCXkLN76KGxeKuNWdb+O0DaitBwY+/v8czpzfjxmVyrK+jIXFpeWV1cJacX1jc2vb3NltSZ4ITJqYMy46PpKE0Yg0FVWMdGJBUOgz0vaH12O/fUeEpDxqqFFMvBD1IxpQjJSWumblpuwOkEpdMeDZEbyEbujz+7QhMgf+GFOsZV7XLFkVa1JwHuwcSiCvetf8dHscJyGJFGZISse2YuWlSCiKGcmKbiJJjPAQ9YmjMUIhkV46uSuDh1rpwYAL/SIFJ+rviRSFUo5CX3eGSA3krDcW//OcRAUXXkqjOFEkwtNFQcKg4nAcEuxRQbBiIw0IC6r/CvEACYSVjrKoQ7BnT56H1nHFPquc3J6Wqld5HAWwDw5AGdjgHFRBDdRBE2DwAJ7AC3g1Ho1n4814n7YuGPnMHvhTxsc3njafnw==</latexit>

E(⇢̂) = Tr[⇢̂Ĥ]



ERGOTROPY

 NON LINEAR functional  of 

<latexit sha1_base64="JotCSX/LkwzLH/NKWuvUsbXy3zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6fq9c8areDO4y8XNSgRz1Xvmr25c0jVEYyonWHd9LTJARZRjlOCl1U40JoSMywI6lgsSog2x28cQ9sUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkEo2BH/x5WXSPKv6l9Xz+4tK7SaPowhHcAyn4MMV1OAO6tAACgKe4RXeHO28OO/Ox7y14OQzh/AHzucPeq2QzA==</latexit>✏1
<latexit sha1_base64="P9j2A7F14ahUjiEKhZ0YhdrDmmY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6Xq9c8areDO4y8XNSgRz1Xvmr25c0jVEYyonWHd9LTJARZRjlOCl1U40JoSMywI6lgsSog2x28cQ9sUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkEo2BH/x5WXSPKv6l9Xz+4tK7SaPowhHcAyn4MMV1OAO6tAACgKe4RXeHO28OO/Ox7y14OQzh/AHzucPeSmQyw==</latexit>✏0

<latexit sha1_base64="a/a92Z2ZeP7H5vpFtwLlBJTj8co=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laSKeix68VjBfmAbymY7aZdudsPuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2tUwVxQaVXKp2SDRyJrBhmOHYThSSOOTYCke3U7/1hEozKR7MOMEgJgPBIkaJsdJjFxPNuBS9aq9U9ireDO4y8XNShhz1Xumr25c0jVEYyonWHd9LTJARZRjlOCl2U40JoSMywI6lgsSog2x28cQ9tUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkIo2BH/x5WXSrFb8y8r5/UW5dpPHUYBjOIEz8OEKanAHdWgABQHP8ApvjnZenHfnY9664uQzR/AHzucPfDGQzQ==</latexit>✏2

<latexit sha1_base64="yjo0tlnIriVKoZWhLzRGaW9Yq1U="></latexit>

⇢̂ =
2X

j=0

�j |jihj|
<latexit sha1_base64="j+Z2Eb9ECgcyuPwm6MSWVSDCh0I=">AAACMHicbVDLSgMxFM34rPVVdekmWARXZaaKuikUXdhlBfuATi2Z9LZNm8kMSUYo036SGz9FNwqKuPUrTB9gbT0QcjjnXJJ7vJAzpW37zVpaXlldW09sJDe3tnd2U3v7ZRVEkkKJBjyQVY8o4ExASTPNoRpKIL7HoeL1rkd+5QGkYoG40/0Q6j5pC9ZilGgjNVI3bofouDDEOeyqyG/E3Zw9vM9iF0LFuEl08eCXu5KINgeXj6+Z0KCRStsZewy8SJwpSaMpio3Us9sMaOSD0JQTpWqOHep6TKRmlMMw6UYKQkJ7pA01QwXxQdXj8cJDfGyUJm4F0hyh8VidnYiJr1Tf90zSJ7qj5r2R+J9Xi3Trsh4zEUYaBJ081Io41gEetYebTALVvG8IoZKZv2LaIZJQbTpOmhKc+ZUXSTmbcc4zp7dn6fzVtI4EOkRH6AQ56ALlUQEVUQlR9Ihe0Dv6sJ6sV+vT+ppEl6zpzAH6A+v7B5CVqpc=</latexit>

Ĥ =
2X

j=0

✏j |✏jih✏j |

<latexit sha1_base64="8VLgmSvujMSQy3SusVbbKIAYIyg="></latexit>

E(⇢̂) = E(⇢̂)�
2X

j=0

�(")
j ✏j

0

0,3

0,6

<latexit sha1_base64="LogO/brI5J25ng5AjYDTvbMyAac=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7EPaoWQymTY0yQxJRihDv8KNC0Xc+jnu/BvT6Sy09UDgcM655N4TJJxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGtzO/80SVZrF8MJOE+gIPJYsYwcZKj31uoyEeuINqza27OdAy8QpSgwLNQfWrH8YkFVQawrHWPc9NjJ9hZRjhdFrpp5ommIzxkPYslVhQ7Wf5wlN0YpUQRbGyTxqUq78nMiy0nojAJgU2I73ozcT/vF5qoms/YzJJDZVk/lGUcmRiNLsehUxRYvjEEkwUs7siMsIKE2M7qtgSvMWTl0n7rO5d1s/vL2qNm6KOMhzBMZyCB1fQgDtoQgsICHiGV3hzlPPivDsf82jJKWYO4Q+czx9n55Ao</latexit>

�0
0

0,3

0,6

<latexit sha1_base64="m/0NN5DUpi8gcwziApj+KUovIZ4=">AAAB/3icbVC7TsMwFHV4lvIKILGwWFRIZamSgoCxgoWxSPQhNSFyHKe16tiR7YCq0IFfYWEAIVZ+g42/wX0M0HIkS0fnnKt7fcKUUaUd59taWFxaXlktrBXXNza3tu2d3aYSmcSkgQUTsh0iRRjlpKGpZqSdSoKSkJFW2L8a+a17IhUV/FYPUuInqMtpTDHSRgrsfY+ZcISC6l1e9rIUSSkejoeBXXIqzhhwnrhTUgJT1AP7y4sEzhLCNWZIqY7rpNrPkdQUMzIsepkiKcJ91CUdQzlKiPLz8f1DeGSUCMZCmsc1HKu/J3KUKDVIQpNMkO6pWW8k/ud1Mh1f+DnlaaYJx5NFccagFnBUBoyoJFizgSEIS2puhbiHJMLaVFY0JbizX54nzWrFPauc3JyWapfTOgrgAByCMnDBOaiBa1AHDYDBI3gGr+DNerJerHfrYxJdsKYze+APrM8fvraV8A==</latexit>

�(")
2

<latexit sha1_base64="Aizb7jFcdJtBUxs4nN4cFSOb21w=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKkuVAALGChbGItGH1ITIcZzWqmNHtgOqQgd+hYUBhFj5DTb+BvcxQMuRLB2dc67u9QlTRpV2nG+rsLC4tLxSXC2trW9sbtnbO00lMolJAwsmZDtEijDKSUNTzUg7lQQlISOtsH818lv3RCoq+K0epMRPUJfTmGKkjRTYex4z4QgF7l1e8bIUSSkejoaBXXaqzhhwnrhTUgZT1AP7y4sEzhLCNWZIqY7rpNrPkdQUMzIseZkiKcJ91CUdQzlKiPLz8f1DeGiUCMZCmsc1HKu/J3KUKDVIQpNMkO6pWW8k/ud1Mh1f+DnlaaYJx5NFccagFnBUBoyoJFizgSEIS2puhbiHJMLaVFYyJbizX54nzeOqe1Y9uTkt1y6ndRTBPjgAFeCCc1AD16AOGgCDR/AMXsGb9WS9WO/WxyRasKYzu+APrM8fvSWV7w==</latexit>

�(")
1

<latexit sha1_base64="tud/VESbDXPEFCM4kwmJXV/Et5I=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG5cV7EPaoWQymTY0yQxJRihDv8KNC0Xc+jnu/BvT6Sy09UDgcM655N4TJJxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGtzO/80SVZrF8MJOE+gIPJYsYwcZKj31uoyEeeINqza27OdAy8QpSgwLNQfWrH8YkFVQawrHWPc9NjJ9hZRjhdFrpp5ommIzxkPYslVhQ7Wf5wlN0YpUQRbGyTxqUq78nMiy0nojAJgU2I73ozcT/vF5qoms/YzJJDZVk/lGUcmRiNLsehUxRYvjEEkwUs7siMsIKE2M7qtgSvMWTl0n7rO5d1s/vL2qNm6KOMhzBMZyCB1fQgDtoQgsICHiGV3hzlPPivDsf82jJKWYO4Q+czx9pa5Ap</latexit>

�1
<latexit sha1_base64="7PMZQg92uxFxTZVilFES52RSyZk=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUoi6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2d+54kqzWL5YCYJ9QUeShYxgo2VHvvcRkM8qA3KFbfqzoFWiZeTCuRoDspf/TAmqaDSEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcSCaj+bLzxFZ1YJURQr+6RBc/X3RIaF1hMR2KTAZqSXvZn4n9dLTXTtZ0wmqaGSLD6KUo5MjGbXo5ApSgyfWIKJYnZXREZYYWJsRyVbgrd88ipp16reZfXivl5p3OR1FOEETuEcPLiCBtxBE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4Aau+QKg==</latexit>

�2

<latexit sha1_base64="kWaty1COQatzxj/edQUxj466jZk=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKkuVAALGChbGItGH1ITIcZzWqmNHtgOqQgd+hYUBhFj5DTb+BvcxQMuRLB2dc67u9QlTRpV2nG+rsLC4tLxSXC2trW9sbtnbO00lMolJAwsmZDtEijDKSUNTzUg7lQQlISOtsH818lv3RCoq+K0epMRPUJfTmGKkjRTYex4z4QgFzl1e8bIUSSkejoaBXXaqzhhwnrhTUgZT1AP7y4sEzhLCNWZIqY7rpNrPkdQUMzIseZkiKcJ91CUdQzlKiPLz8f1DeGiUCMZCmsc1HKu/J3KUKDVIQpNMkO6pWW8k/ud1Mh1f+DnlaaYJx5NFccagFnBUBoyoJFizgSEIS2puhbiHJMLaVFYyJbizX54nzeOqe1Y9uTkt1y6ndRTBPjgAFeCCc1AD16AOGgCDR/AMXsGb9WS9WO/WxyRasKYzu+APrM8fu5SV7g==</latexit>

�(")
0

and

<latexit sha1_base64="N2wCf0A4fY4QuA/xC2Y/fyWMIrI=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQNyVRUTdCUQouK9gHNKFMppNm6GQSZiZCCfkCN/6KGxeKuHXtzr9x2mZhWw9cOHPOvcy9x4sZlcqyfozCyura+kZxs7S1vbO7Z+4ftGWUCExaOGKR6HpIEkY5aSmqGOnGgqDQY6TjjW4nfueRCEkj/qDGMXFDNOTUpxgpLfXNSupgxGAjqzoBUqkjgig7gdewMffum2WrZk0Bl4mdkzLI0eyb384gwklIuMIMSdmzrVi5KRKKYkaykpNIEiM8QkPS05SjkEg3nZ6TwYpWBtCPhC6u4FT9O5GiUMpx6OnOEKlALnoT8T+vlyj/yk0pjxNFOJ595CcMqghOsoEDKghWbKwJwoLqXSEOkEBY6QRLOgR78eRl0j6t2Re1s/vzcv0mj6MIjsAxqAIbXII6uANN0AIYPIEX8AbejWfj1fgwPmetBSOfOQRzML5+AUicmv4=</latexit>

E(⇢̂) = E(⇢̂)

 if and only if the state is PURE

<latexit sha1_base64="RNwDzpOKtyfZYbfzlXXy/iKZGIw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkKupGKIrgsoJ9QBPKZDpph05mwsxEKCFu/BU3LhRx61+482+ctllo64ELh3Pu5d57gphRpR3n2yosLC4trxRXS2vrG5tb9vZOU4lEYtLAggnZDpAijHLS0FQz0o4lQVHASCsYXo/91gORigp+r0cx8SPU5zSkGGkjde291MOIwZus4g2QTj05ENkRvIRO1y47VWcCOE/cnJRBjnrX/vJ6AicR4RozpFTHdWLtp0hqihnJSl6iSIzwEPVJx1COIqL8dPJBBg+N0oOhkKa4hhP190SKIqVGUWA6I6QHatYbi/95nUSHF35KeZxowvF0UZgwqAUcxwF7VBKs2cgQhCU1t0I8QBJhbUIrmRDc2ZfnSfO46p5VT+5Oy7WrPI4i2AcHoAJccA5q4BbUQQNg8AiewSt4s56sF+vd+pi2Fqx8Zhf8gfX5A6+3lcA=</latexit>

E(⇢̂) = 0
 for PASSIVE states (i.e. diagonal in the energy

 eigen-basis with decreasing spectrum) 

<latexit sha1_base64="iibgof9j/a8RljXeRAu/+PXwCdQ="></latexit>

0  E(⇢̂)  E(⇢̂) = Tr[⇢̂Ĥ]



If you allow only MODULATIONS of the 
system Hamiltonian of N copies of the 
system (no thermal contact with external 
baths),        

EW per copies = N-ERGOTROPY

Lenard JSP 19 (1978)
Petz & Woronowicz CMP (1978)

Alicki JPA (1979)
Allahverdjan et al. EPL 67 (2004)

2)

<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂
<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂
<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

<latexit sha1_base64="/726FmWT0Di/mGEoa2XbnFmFZoo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF0+SgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqd+8wmV5pF8MOMY/ZAOJO9zRo2VavfdYsktuzOQZeJlpAQZqt3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2aETcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+tZ9yGScGJZsv6ieCmIhMvyY9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgre5fl89pFqXKTxZGHIziGU/DgCipwB1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH6ktjNo=</latexit>

N

<latexit sha1_base64="RQ645HP4uNeBMqLnbkY2K3ewaiQ="></latexit>

E(N)(⇢̂) =
E(⇢̂⌦N )

N

<latexit sha1_base64="jlpGIa+Y5N1jVp72shoLe6PO3vA=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJirosiuCygn1AE8pkOmmGTmbizEQoIbjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuChFGlHefbKiwsLi2vFFdLa+sbm1v29k5TiVRi0sCCCdkOkCKMctLQVDPSTiRBccBIKxhcjfzWA5GKCn6nhwnxY9TnNKQYaSN17T2vT+5h5mHE4HVe8SKkM09GIj/q2mWn6owB54k7JWUwRb1rf3k9gdOYcI0ZUqrjOon2MyQ1xYzkJS9VJEF4gPqkYyhHMVF+Nn4hh4dG6cFQSFNcw7H6eyJDsVLDODCdMdKRmvVG4n9eJ9XhhZ9RnqSacDxZFKYMagFHecAelQRrNjQEYUnNrRBHSCKsTWolE4I7+/I8aR5X3bPqye1puXY5jaMI9sEBqAAXnIMauAF10AAYPIJn8ArerCfrxXq3PiatBWs6swv+wPr8AXLQltY=</latexit>

� E(⇢̂)<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ



<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂
<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂
<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

TOTAL ERGOTROPY

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

Gibbs Thermal 
state of the 

system
with THE SAME 

entropy of <latexit sha1_base64="rf8Yde/zh3uGeaXv5E9lS5OU+sM=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KoqMeiF09SwX5AE8pmu2mXbjZhd6KEUP+KFw+KePWHePPfuG1z0OqDgcd7M8zMCxLBNTjOl1VaWl5ZXSuvVzY2t7Z37N29to5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDX1O/dMaR7LO8gS5kdkKHnIKQEj9e3qjaf4cAREqfgBe1yGkPXtmlN3ZsB/iVuQGirQ7Nuf3iCmacQkUEG07rlOAn5OFHAq2KTipZolhI7JkPUMlSRi2s9nx0/woVEGOIyVKQl4pv6cyEmkdRYFpjMiMNKL3lT8z+ulEF74OZdJCkzS+aIwFRhiPE0CD7hiFERmCKGKm1sxHRFFKJi8KiYEd/Hlv6R9XHfP6ie3p7XGZRFHGe2jA3SEXHSOGugaNVELUZShJ/SCXq1H69l6s97nrSWrmKmiX7A+vgEMcpUK</latexit>

N ! 1
<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂

<latexit sha1_base64="oRk8m7+qkM7oAYvMycDRMIZn3z4="></latexit>

!̂� =
e��Ĥ

Z(�)

<latexit sha1_base64="vy3uq48fneNsnaE4I9qOYW6hP2M="></latexit>

Etot(⇢̂) = lim
N!1

E(N)(⇢̂) = E(⇢̂)� E(!̂�̄)

<latexit sha1_base64="ONw+ubXyb/LAtGbiAK4kCL5aMkE=">AAACFnicbVDLahtBEJxVHlaUh9fOMZchIiAdInZt4/hiEMklR5lED9AK0TtqSYNmd5aZ3oBY9it88a/kkkOC8TXklr/x6BFIpBR0U1R1M9MVZ0paCoLfXuXBw0ePD6pPak+fPX9x6B8d96zOjcCu0EqbQQwWlUyxS5IUDjKDkMQK+/Hiw8rvf0FjpU4/0zLDUQKzVE6lAHLS2H/7qRHNgYpIJziDclxEMRjXkKAsm/yS//HNXJfNsV8PWsEafJ+EW1JnW3TG/q9ookWeYEpCgbXDMMhoVIAhKRSWtSi3mIFYwAyHjqaQoB0V67NK/sYpEz7VxlVKfK3+vVFAYu0yid1kAjS3u95K/J83zGl6MSpkmuWEqdg8NM0VJ81XGfGJNChILR0BYaT7KxdzMCDIJVlzIYS7J++T3kkrPG+dXp3V2++3cVTZK/aaNVjI3rE2+8g6rMsEu2Zf2Xf2w7vxvnm33t1mtOJtd16yf+D9vAf21Z8+</latexit>

S(!̂�̄) = S(⇢̂)



EW= NON EQUILIBRIUM FREE 
           ENERGY

<latexit sha1_base64="R+SKoamzypZwZ63lTR5Z8zI2nfM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj5cVWp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFp6I+h</latexit>

Ĥ

<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂

If you allow the agent to put the system in 
thermal contact with an external source at 
temperature 

3)

<latexit sha1_base64="QIYB/ew3lOPVCXvUh6VAMoDQkZ4="></latexit>

F�(⇢̂) = E(⇢̂)� 1

�
S(⇢̂)

Brandao et al, PNAS 112 (2015)

N.B. for T=0 
<latexit sha1_base64="BnY0qRLzM6dPTpkkZU3kM6mk8U0=">AAACIXicbVBNS8NAEN3Ur1q/qh69LBZBLyVR0R6LonisYFVoSplst83STTbsTpQS8le8+Fe8eFCkN/HPuK09+PVg4PHeDDPzgkQKg6777hRmZufmF4qLpaXlldW18vrGtVGpZrzJlFT6NgDDpYh5EwVKfptoDlEg+U0wOB37N3dcG6HiKxwmvB1BPxY9wQCt1CnXMp+BpOd5J/MDjpDv+iFg5utQ5XvU16IfImit7ik9+2F1yhW36k5A/xJvSipkikanPPK7iqURj5FJMKbluQm2M9AomOR5yU8NT4ANoM9blsYQcdPOJh/mdMcqXdpT2laMdKJ+n8ggMmYYBbYzAgzNb28s/ue1UuzV2pmIkxR5zL4W9VJJUdFxXLQrNGcoh5YA08LeSlkIGhjaUEs2BO/3y3/J9X7VO6oeXB5W6ifTOIpki2yTXeKRY1InF6RBmoSRB/JEXsir8+g8O2/O6Ku14ExnNskPOB+fTEyjlA==</latexit>

F�(⇢̂) ! E(⇢̂)

<latexit sha1_base64="+Pg+7Hn9S0TcueXyp4Et/wYLHeM=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe6qqBch6MVjhLwkWcLspDcZMrO7zPQKYclXePGgiFc/x5t/4+Rx0GhBQ1HVTXdXkEhh0HW/nNzS8srqWn69sLG5tb1T3N1rmDjVHOo8lrFuBcyAFBHUUaCEVqKBqUBCMxjeTvzmI2gj4qiGowR8xfqRCAVnaKWH2rV30gkAWbdYcsvuFPQv8eakROaodoufnV7MUwURcsmMaXtugn7GNAouYVzopAYSxoesD21LI6bA+Nn04DE9skqPhrG2FSGdqj8nMqaMGanAdiqGA7PoTcT/vHaK4ZWfiShJESI+WxSmkmJMJ9/TntDAUY4sYVwLeyvlA6YZR5tRwYbgLb78lzROy95F+ez+vFS5mceRJwfkkBwTj1ySCrkjVVInnCjyRF7Iq6OdZ+fNeZ+15pz5zD75BefjG83sj8U=</latexit>

T = 1/�



EW= NON EQUILIBRIUM FREE 
           ENERGY

EW= ERGOTROPY

EW= TOTAL ERGOTROPY

FIND which are the input states with fixed input energy that yield the 
maximum value of the EW at the output of the transmission line

<latexit sha1_base64="7bvfJ3N27pcJpfb8xB44bAJ7Dfk=">AAACHXicbVDLSgMxFM34rPVVdenmYhHqpsxoURGEohS6rGAf0BmGTJq2oZmHSUYow/yIG3/FjQtFXLgR/8b0AWrrgQsn59xL7j1exJlUpvllLCwuLa+sZtay6xubW9u5nd2GDGNBaJ2EPBQtD0vKWUDriilOW5Gg2Pc4bXqD65HfvKdCsjC4VcOIOj7uBazLCFZacnOlxCaYQzV1K3AJdgJ2H6vEFv0whQuoFH6eR2BzegcVOwU3lzeL5hgwT6wpyaMpam7uw+6EJPZpoAjHUrYtM1JOgoVihNM0a8eSRpgMcI+2NQ2wT6WTjK9L4VArHeiGQlegYKz+nkiwL+XQ93Snj1Vfznoj8T+vHavuuZOwIIoVDcjko27MQYUwigo6TFCi+FATTATTuwLpY4GJ0oFmdQjW7MnzpHFctE6LJzelfPlqGkcG7aMDVEAWOkNlVEU1VEcEPaAn9IJejUfj2Xgz3ietC8Z0Zg/9gfH5DYfMoFc=</latexit>

HE = {⇢̂ : E(⇢̂)  E}

THE PROBLEM

<latexit sha1_base64="f6fhuqB3Sws3D16k8VBXAzpmzho="></latexit>

EWE(�) = max
⇢̂2HE

EW (�(⇢̂)) =?



3

RESULTS



collection of n e.m. modes

Location A Location BNOISE

<latexit sha1_base64="AnXDufhgiC997m9lce+8M1FpTvA=">AAACEHicbZA9SwNBEIb3/DZ+nVraLAbRQsKditoIoo2lglEhdx5ze5tk494Hu3NCOPITbPwrNhaK2Fra+W/cxCs08YWFh3dmmJ03zKTQ6Dhf1tj4xOTU9MxsZW5+YXHJXl650mmuGK+zVKbqJgTNpUh4HQVKfpMpDnEo+XV4d9qvX99zpUWaXGI3434MrUQ0BQM0VmBvNrw2YAG9QGyXdOtF0Ao6/pEXcYkQFKLTo4FddWrOQHQU3BKqpNR5YH96UcrymCfIJGjdcJ0M/QIUCiZ5r+LlmmfA7qDFGwYTiLn2i8FBPbphnIg2U2VegnTg/p4oINa6G4emMwZs6+Fa3/yv1sixeegXIsly5An7WdTMJcWU9tOhkVCcoewaAKaE+StlbVDA0GRYMSG4wyePwtVOzd2v7V7sVY9PyjhmyBpZJ1vEJQfkmJyRc1InjDyQJ/JCXq1H69l6s95/WsescmaV/JH18Q1QPp1l</latexit>

[âi, â
†
j ] = �ij

<latexit sha1_base64="7DT7uzMduRy7OR8v0DvGWB5pxys=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJCSqKjLohuXFewFmhhOJpN26OTCzEQoobjxVdy4UMStT+HOt3HaBtHWHwY+/nMOZ87vp5xJZVlfxtz8wuLScmmlvLq2vrFpbm03ZZIJQhsk4Ylo+yApZzFtKKY4baeCQuRz2vL7V6N6654KyZL4Vg1S6kbQjVnICChteeau0wOVw9BjR/gH75wAup5ZsarWWHgW7AIqqFDdMz+dICFZRGNFOEjZsa1UuTkIxQinw7KTSZoC6UOXdjTGEFHp5uMThvhAOwEOE6FfrPDY/T2RQyTlIPJ1ZwSqJ6drI/O/WidT4YWbszjNFI3JZFGYcawSPMoDB0xQovhAAxDB9F8x6YEAonRqZR2CPX3yLDSPq/ZZ9eTmtFK7LOIooT20jw6Rjc5RDV2jOmoggh7QE3pBr8aj8Wy8Ge+T1jmjmNlBf2R8fAM3vJdT</latexit>

âi, â
†
i

= annihilation and creation 
operators of the i-th mode

<latexit sha1_base64="BgTjdXJtpeKqZVM91K2Xv5OJviI=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BItQoZRERb0IRS8eK9gPaGPZbDbt0s1u2J0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeX7MmQbH+bZyS8srq2v59cLG5tb2TnF3r6lloghtEMmlavtYU84EbQADTtuxojjyOW35w5uJ33qkSjMp7mEUUy/CfcFCRjAY6aHMrtxKlwQSdEUc94olp+pMYS8SNyMllKHeK351A0mSiAogHGvdcZ0YvBQrYITTcaGbaBpjMsR92jFU4IhqL51ePbaPjBLYoVSmBNhT9fdEiiOtR5FvOiMMAz3vTcT/vE4C4aWXMhEnQAWZLQoTboO0JxHYAVOUAB8Zgoli5labDLDCBExQBROCO//yImmeVN3z6undWal2ncWRRwfoEJWRiy5QDd2iOmogghR6Rq/ozXqyXqx362PWmrOymX30B9bnD9rJkXU=</latexit>

(i = 1, · · · , n)
<latexit sha1_base64="zV7f4BRfmDvhk/nujZmm0F5b7xI=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEVxISVTUjVB047KCvUAawmQ6acdOJmHmRCghG1/FjQtF3PoY7nwbp20Erf4w8PGfczhz/iDhTIFtfxqlufmFxaXycmVldW19w9zcaqk4lYQ2Scxj2QmwopwJ2gQGnHYSSXEUcNoOhlfjevueSsVicQujhHoR7gsWMoJBW76543YHGDKc++zwm+68C9s3q3bNnsj6C04BVVSo4Zsf3V5M0ogKIBwr5Tp2Al6GJTDCaV7ppoommAxxn7oaBY6o8rLJAbm1r52eFcZSPwHWxP05keFIqVEU6M4Iw0DN1sbmfzU3hfDcy5hIUqCCTBeFKbcgtsZpWD0mKQE+0oCJZPqvFhlgiQnozCo6BGf25L/QOqo5p7Xjm5Nq/bKIo4x20R46QA46Q3V0jRqoiQjK0SN6Ri/Gg/FkvBpv09aSUcxso18y3r8Aie+WXw==</latexit>

[âi, âj ] = 0

<latexit sha1_base64="arXB5P3MgJvIzXZAuYhKQPRN9ho=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOepMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ79VtPoA1T8sGOEwgFGUgWM0qsk9pdJWBAeqxXrvhVfwa8TIKcVFCOeq/81e0rmgqQlnJiTCfwExtmRFtGOUxK3dRAQuiIDKDjqCQCTJjN7p3gE6f0cay0K2nxTP09kRFhzFhErlMQOzSL3lT8z+ukNr4OMyaT1IKk80VxyrFVePo87jMN1PKxI4Rq5m7FdEg0odZFVHIhBIsvL5PmWTW4rJ7fX1RqN3kcRXSEjtEpCtAVqqE7VEcNRBFHz+gVvXmP3ov37n3MWwtePnOI/sD7/AEREo//</latexit>!i = frequency of the i-th mode

<latexit sha1_base64="jPRdpIxr+jjrXu5VOd6odfjcBcQ=">AAACJ3icbVDNSgMxGMz6b/2revQSLIKnsquiXipFLx4r2Cp02+XbNNsNJtklyQpl2bfx4qt4EVREj76JaS2o1YHAZGY+km/ClDNtXPfdmZqemZ2bX1gsLS2vrK6V1zdaOskUoU2S8ERdh6ApZ5I2DTOcXqeKggg5vQpvzob+1S1VmiXy0gxS2hHQlyxiBIyVgvKJH4PJzwtcw77ORJCzmld0JfbjEBT2E0H7EDA8SkERsK7fg/73NShX3Ko7Av5LvDGpoDEaQfnJ7yUkE1QawkHrtuemppODMoxwWpT8TNMUyA30adtSCYLqTj7as8A7VunhKFH2SINH6s+JHITWAxHapAAT60lvKP7ntTMTHXdyJtPMUEm+Hooyjk2Ch6XhHlOUGD6wBIhi9q+YxKCAGFttyZbgTa78l7T2qt5hdf/ioFI/HdexgLbQNtpFHjpCdXSOGqiJCLpDD+gZvTj3zqPz6rx9Raec8cwm+gXn4xMXnKYg</latexit>

Ĥ =
nX

i=1

~!iâ
†
i âi

<latexit sha1_base64="ec3gzmnLTVpVIocB/tWjBKzTpCw=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyVRUZdFNy4r2Ac0IUymN+3QmSTOTIRSiht/xY0LRdz6Fe78G6dtFtp64MKZc+5l7j1hypnSjvNtLSwuLa+sFtaK6xubW9v2zm5DJZmkUKcJT2QrJAo4i6GumebQSiUQEXJohv3rsd98AKlYEt/pQQq+IN2YRYwSbaTA3i97iYAuCZinmIB7nD+d48AuORVnAjxP3JyUUI5aYH95nYRmAmJNOVGq7Tqp9odEakY5jIpepiAltE+60DY0JgKUP5ycMMJHRungKJGmYo0n6u+JIRFKDURoOgXRPTXrjcX/vHamo0t/yOI00xDT6UdRxrFO8DgP3GESqOYDQwiVzOyKaY9IQrVJrWhCcGdPnieNk4p7Xjm9PStVr/I4CugAHaIyctEFqqIbVEN1RNEjekav6M16sl6sd+tj2rpg5TN76A+szx9MAJa6</latexit>

(!i ' !0)

“PHASE-INSENSITIVE GAUSSIAN BOSONIC CHANNELS”



collection of n e.m. modes

Location A Location BNOISE

ATTENUATION
(LOSSES)

THERMALIZATION

AMPLIFICATION
(GAIN)

“PHASE-INSENSITIVE GAUSSIAN BOSONIC CHANNELS”

Holevo and Giovannetti RMP (2012) 



Given        a PI-BGC , for any E the maximum output Extractable Work 

is achieved by a (multimode) coherent state

<latexit sha1_base64="nKItzMBGwt8B9OU+owbMYKk1on8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2r+uVDo9a8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wflVY4n</latexit>

�

<latexit sha1_base64="4VWU7sVlKG5d//pNnF4yv2sujHI="></latexit>

EWE(�) = max
⇢̂2HE

EW (�(⇢̂))

<latexit sha1_base64="vPv4PWp5/J2H32iNDTyn1rjaUM0=">AAACF3icbVDLSsNAFJ3UV62vqks3g0VwVRIVdSMU3bisYB/QlDKZ3jZDJzNhZiKUNH/hxl9x40IRt7rzb0zaLLT1wOUezrmXmXu8kDNtbPvbKiwtr6yuFddLG5tb2zvl3b2mlpGi0KCSS9X2iAbOBDQMMxzaoQISeBxa3ugm81sPoDST4t6MQ+gGZCjYgFFiUqlXrro+MbGrfJn0Yip9SPAVnrh1zVxFxJCDy6cNZ9Kk1CtX7Ko9BV4kTk4qKEe9V/5y+5JGAQhDOdG649ih6cZEGUY5JCU30hASOiJD6KRUkAB0N57eleCjVOnjgVRpCYOn6u+NmARajwMvnQyI8fW8l4n/eZ3IDC67MRNhZEDQ2UODiGMjcRYS7jMF1PBxSghVLP0rpj5RhJo0yiwEZ/7kRdI8qTrn1dO7s0rtOo+jiA7QITpGDrpANXSL6qiBKHpEz+gVvVlP1ov1bn3MRgtWvrOP/sD6/AFPQp/+</latexit>

⇢̂cohe = | ih |

DISPLACED VACUUM STATES
<latexit sha1_base64="uFvxTRAIY500MKNMGF1AcXwhDXA=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBahIpRERb0IRT14s4L9gCaUzXbaLt1swu6mUNL+CC/+FS8eFPHqwZv/xqTNQVsfDDzem2FmnhtwprRpfhuZhcWl5ZXsam5tfWNzK7+9U1N+KClUqc992XCJAs4EVDXTHBqBBOK5HOpu/zrx6wOQivniQQ8DcDzSFazDKNGx1MofjeyKYrYkossBX2K7R3R0My7aA6CRNz7EI/sudXOtfMEsmRPgeWKlpIBSVFr5L7vt09ADoSknSjUtM9BORKRmlMM4Z4cKAkL7pAvNmArigXKiyVNjfBArbdzxZVxC44n6eyIinlJDz407PaJ7atZLxP+8Zqg7F07ERBBqEHS6qBNyrH2cJITbTALVfBgTQiWLb8W0RyShOs4xCcGafXme1I5L1lnp5P60UL5K48iiPbSPishC56iMblEFVRFFj+gZvaI348l4Md6Nj2lrxkhndtEfGJ8/wpWeAg==</latexit>

| i = D̂(~m)|Øi

(multimode) COHERENT STATES



Sketch of the proof: 

0) Notice that all our 3 examples of EW can be   expressed as 
<latexit sha1_base64="ytHVRCPqvxXDl7vJsBwpIEeWftE="></latexit>

EW (�(⇢̂)) = E(�(⇢̂))� (something � 0)

1)  show that for any input state       there exists a properly 
chosen coherent input             with the same initial energy 
which at the output of the channel provides a signal with mean 
energy that  is larger than or equal to the output mean energy 
of 

<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂

<latexit sha1_base64="UOpMnL4GTYkt4cxy7rxLwjuRA+g=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU1GPRi8cK9gObUDbbTbN0sxt2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ITFMcMlawEGwbqoZSULBOuHodup3npg2XMkHGKcsSMhQ8ohTAlZ69GMCua9jNelXa27dnQEvE68gNVSg2a9++QNFs4RJoIIY0/PcFIKcaOBUsEnFzwxLCR2RIetZKknCTJDPLp7gE6sMcKS0LQl4pv6eyElizDgJbWdCIDaL3lT8z+tlEF0HOZdpBkzS+aIoExgUnr6PB1wzCmJsCaGa21sxjYkmFGxIFRuCt/jyMmmf1b3L+vn9Ra1xU8RRRkfoGJ0iD12hBrpDTdRCFEn0jF7Rm2OcF+fd+Zi3lpxi5hD9gfP5A/PJkRw=</latexit>

⇢̂
<latexit sha1_base64="I7pFY5M1OPLGh79H8EZabfvwhY8=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNyVRUTdCUQSXFewDmhAm02kzdJIJMxOhhPyAG3/FjQtF3Lp35984bbOorQcunDnnXube48eMSmVZP0ZhaXllda24XtrY3NreMXf3WpInApMm5oyLjo8kYTQiTUUVI51YEBT6jLT94c3Ybz8SISmPHtQoJm6IBhHtU4yUljzz6LbiBEiljgh4VoVXcPbtpZgHJKt6ZtmqWRPARWLnpAxyNDzz2+lxnIQkUpghKbu2FSs3RUJRzEhWchJJYoSHaEC6mkYoJNJNJ9dk8FgrPdjnQlek4ESdnUhRKOUo9HVniFQg572x+J/XTVT/0k1pFCeKRHj6UT9hUHE4jgb2qCBYsZEmCAuqd4U4QAJhpQMs6RDs+ZMXSeukZp/XTu/PyvXrPI4iOACHoAJscAHq4A40QBNg8ARewBt4N56NV+PD+Jy2Fox8Zh/8gfH1C17KmyY=</latexit>

E(⇢̂) = E(⇢̂cohe)
<latexit sha1_base64="AH0R5C4nbttPSUuUrUOsEOv/bXc=">AAACHHicbVDLSsNAFJ34rPVVdelmsAjtpiRW1GVRBJcV7AOaECbT22boJBNnJkIJ/RA3/oobF4q4cSH4N04fC209cOFwzr3ce0+QcKa0bX9bS8srq2vruY385tb2zm5hb7+pRCopNKjgQrYDooCzGBqaaQ7tRAKJAg6tYHA19lsPIBUT8Z0eJuBFpB+zHqNEG8kvVK9Lbj1kJTckOnNlKEblMnY53OMFw8+oCMH4fqFoV+wJ8CJxZqSIZqj7hU+3K2gaQawpJ0p1HDvRXkakZpTDKO+mChJCB6QPHUNjEoHysslzI3xslC7uCWkq1nii/p7ISKTUMApMZ0R0qOa9sfif10l178LLWJykGmI6XdRLOdYCj5PCXSaBaj40hFDJzK2YhkQSqk2eeROCM//yImmeVJyzSvX2tFi7nMWRQ4foCJWQg85RDd2gOmogih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sD6+gH5sKC5</latexit>

E(�(⇢̂))  E(�(⇢̂cohe))

<latexit sha1_base64="chsIIYAGsoArm6I5vcWwZD7jnQs=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQq6rLoxmUF+4AmhMl00gydzISZiVJiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeMGVUacf5tiorq2vrG9XN2tb2zu6eXd/vKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YXjm6nfeyBSUcHv9SQlfoJGnEYUI22kwK57MdK5J2NRBDkWMSkCu+E0nRngMnFL0gAl2oH95Q0FzhLCNWZIqYHrpNrPkdQUM1LUvEyRFOExGpGBoRwlRPn57PQCHhtlCCMhTXENZ+rviRwlSk2S0HQmSMdq0ZuK/3mDTEdXfk55mmnC8XxRlDGoBZzmAIdUEqzZxBCEJTW3QhwjibA2adVMCO7iy8uke9p0L5pnd+eN1nUZRxUcgiNwAlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mLdWrHLmAPyB9fkDEgqUiQ==</latexit>

⇢̂cohe

with the something terms being all Shur concave functionals 
of the input state.

2) invoke the fact that at the output of a PI-GBC coherent 
inputs MAJORIZE (are more ordered than) all other signals 

Mari, Giovannetti, Holevo Nat. Comm. (2014)



Location A Location B
<latexit sha1_base64="nKItzMBGwt8B9OU+owbMYKk1on8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2r+uVDo9a8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wflVY4n</latexit>

�

Single mode 
Lossy channel

Examples 

<latexit sha1_base64="GJ/G31J9pXrULx3jr58JYvW/dt0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKuinoMevEYwTxgdw2zk04yZHZ2melVQsh/ePGgiFf/xZt/4+Rx0MSChqKqm+6uKJXCoOt+O7ml5ZXVtfx6YWNza3unuLtXN0mmOdR4IhPdjJgBKRTUUKCEZqqBxZGERtS/GfuNR9BGJOoeBymEMesq0RGcoZUeAkBGA6Go7554YatYcsvuBHSReDNSIjNUW8WvoJ3wLAaFXDJjfM9NMRwyjYJLGBWCzEDKeJ91wbdUsRhMOJxcPaJHVmnTTqJtKaQT9ffEkMXGDOLIdsYMe2beG4v/eX6GnatwKFSaISg+XdTJJMWEjiOgbaGBoxxYwrgW9lbKe0wzjjaogg3Bm395kdRPy95F+ezuvFS5nsWRJwfkkBwTj1ySCrklVVIjnGjyTF7Jm/PkvDjvzse0NefMZvbJHzifP7ibkVw=</latexit>

⌘ 2 [0, 1]
transmissivity

<latexit sha1_base64="oyseMcpFSuZ/LWHm0FVOzsl7894=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyVRUTdCUQouK9gHNCFMppN26OTBzI0QSv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/xEcAWW9W0UVlbX1jeKm6Wt7Z3dPXP/oK3iVFLWorGIZdcnigkesRZwEKybSEZCX7COP7qd+p1HJhWPowfIEuaGZBDxgFMCWvLMcqPjNapOc8hPrrHDgOAG9syKVbNmwMvEzkkF5Wh65pfTj2kasgioIEr1bCsBd0wkcCrYpOSkiiWEjsiA9TSNSMiUO54dP8HHWunjIJa6IsAz9ffEmIRKZaGvO0MCQ7XoTcX/vF4KwZU75lGSAovofFGQCgwxniaB+1wyCiLThFDJ9a2YDokkFHReJR2CvfjyMmmf1uyL2tn9eaV+k8dRRIfoCFWRjS5RHd2hJmohijL0jF7Rm/FkvBjvxse8tWDkM2X0B8bnD9e5kvc=</latexit>

EWE(�) = ⌘E

Single mode 
Amplifier channel

<latexit sha1_base64="PZ+4+f7IuWNMVoxxFsFjTM9O7oI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJiroRilJwWcE+oAlhMp20QyeTYWYilFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JBaNKO863VVhaXlldK66XNja3tnfs3b2WSlKJSRMnLJGdECnCKCdNTTUjHSEJikNG2uHwduK3H4lUNOEPeiSIH6M+pxHFSBspsA/q7aBe8RoDenINvSESAsE6DOyyU3WmgIvEzUkZ5GgE9pfXS3AaE64xQ0p1XUdoP0NSU8zIuOSligiEh6hPuoZyFBPlZ9Pzx/DYKD0YJdIU13Cq/p7IUKzUKA5NZ4z0QM17E/E/r5vq6MrPKBepJhzPFkUpgzqBkyxgj0qCNRsZgrCk5laIB0girE1iJROCO//yImmdVt2L6tn9ebl2k8dRBIfgCFSACy5BDdyBBmgCDDLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH27bk94=</latexit>

EWE(�) = E

<latexit sha1_base64="RDO5ft+tT8Zr5+CfAdflHyjeEkw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A/oLiWbZtvQbDZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5oeRMG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNUEdogCU9UO8SaciZowzDDaVsqiuOQ01Y4vJ/5rTFVmiXiyUwkDWLcFyxiBBsrBf4QS4mR36cj5HXLFbfqzoFWiZeTCuSod8tffi8haUyFIRxr3fFcaYIMK8MIp9OSn2oqMRniPu1YKnBMdZDNj56iM6v0UJQoW8Kgufp7IsOx1pM4tJ0xNgO97M3E/7xOaqLbIGNCpoYKslgUpRyZBM0SQD2mKDF8YgkmitlbERlghYmxOZVsCN7yy6ukeVH1rquXj1eV2l0eRxFO4BTOwYMbqMED1KEBBEbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AcoQkXc=</latexit>

 � 1
gain



GAUSSIAN BOSONIC CHANNELS
Which are NOT PHASE-INSENSITIVE

Location A Location B
<latexit sha1_base64="nKItzMBGwt8B9OU+owbMYKk1on8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2r+uVDo9a8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wflVY4n</latexit>

�

Squeezed thermal environment

Coherent input states ARE certainly NOT optimal

Properly squeed inputs for instance perform better than coherent states

Optimal inputs are not known in this case



❖  QEL models have being introduced

❖  Optimization problem has been presented
    based on the notion of EW

❖  For CV systems (realistic noise model) optimal 
solution have been presented  

CONCLUSIONS

FUTURE DIRECTIONS

❖ Extended the analysis to other QEL models

❖ Introduce different figure of merit (power, instead of energy,
  work distribution)
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Extras



collection of n e.m. modes

Location A Location B
<latexit sha1_base64="nKItzMBGwt8B9OU+owbMYKk1on8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGrQiNqzW3Lo7B1olXkFqUKA1rH4NRjFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8pn1LJRZU+9n81hk6s8oIhbGyJQ2aq78nMiy0norAdgpsIr3s5eJ/Xj814Y2fMZmkhkqyWBSmHJkY5Y+jEVOUGD61BBPF7K2IRFhhYmw8FRuCt/zyKulc1L2r+uVDo9a8LeIowwmcwjl4cA1NuIcWtIFABM/wCm+OcF6cd+dj0Vpyiplj+APn8wflVY4n</latexit>

�

PHASE-INSENSITIVE 
GAUSSIAN BOSONIC CHANNELS

<latexit sha1_base64="nIu4Do3BMsJmBpubRCxQV3X423o=">AAACLHicbZDLSsNAFIYn3q23qks3g0VQkJKoqCCC2I3LClaFJobJZGqHTiZx5kQoIQ/kxlcRxIVF3PocTmMK3g4MfPz/OZw5f5AIrsG2B9bY+MTk1PTMbGVufmFxqbq8cqnjVFHWorGI1XVANBNcshZwEOw6UYxEgWBXQa8x9K/umdI8lhfQT5gXkVvJO5wSMJJfbbhdApnKj/FmQXe572y7NIxBb48EeVRQ8s3CI0Vu3Vz41Zpdt4vCf8EpoYbKavrVZzeMaRoxCVQQrduOnYCXEQWcCpZX3FSzhNAeuWVtg5JETHtZcWyON4wS4k6szJOAC/X7REYirftRYDojAl392xuK/3ntFDqHXsZlkgKT9GtRJxUYYjxMDodcMQqib4BQxc1fMe0SRSiYfCsmBOf3yX/hcqfu7Nd3z/dqJ6dlHDNoDa2jTeSgA3SCzlATtRBFD+gJvaKB9Wi9WG/W+1frmFXOrKIfZX18ApvnqHE=</latexit>

r̂ = (q̂1, · · · , q̂n; p̂1, · · · , p̂n)T

<latexit sha1_base64="tISlw8pp2GQ2EqNzdgm/r1HxY8Y=">AAACIHicbZBNS8NAEIY3flu/qh69LBZBEEpSRb0IohePClYLTQyT7aZduvno7kQoIT/Fi3/FiwdF9Ka/xm0totUXFl6emWF23iCVQqNtv1sTk1PTM7Nz86WFxaXllfLq2pVOMsV4nSUyUY0ANJci5nUUKHkjVRyiQPLroHs6qF/fcqVFEl9iP+VeBO1YhIIBGuSXD9wOYN4rfEGPqBsqYPmQwIDs0G9/47agXeSu7inMa0Xhlyt21R6K/jXOyFTISOd++c1tJSyLeIxMgtZNx07Ry0GhYJIXJTfTPAXWhTZvGhtDxLWXDw8s6JYhLRomyrwY6ZD+nMgh0rofBaYzAuzo8doA/ldrZhgeermI0wx5zL4WhZmkmNBBWrQlFGco+8YAU8L8lbIOmJTQZFoyITjjJ/81V7Wqs1/dvdirHJ+M4pgjG2STbBOHHJBjckbOSZ0wckceyBN5tu6tR+vFev1qnbBGM+vkl6yPT/BrpB0=</latexit>

q̂i =
âi + â†ip

2
<latexit sha1_base64="aFNyj42DjoUmfvcRSunI8CJk6xE=">AAACI3icbZDLSgMxFIYzXmu9VV26CRbBjWVGRUUQRDcuFawKnTqcSTNtMHMxOSOUMO/ixldx40Ipblz4LqZ1Ft4OBH6+/xxOzh9mUmh03XdnbHxicmq6MlOdnZtfWKwtLV/qNFeMN1kqU3UdguZSJLyJAiW/zhSHOJT8Krw9GfpX91xpkSYX2M94O4ZuIiLBAC0Kagd+D9BkRSDoIRXUjxQwM2JQ3Bi/A92htVmSQBTG13cKzVZRBLW623BHRf8KrxR1UtZZUBv4nZTlMU+QSdC65bkZtg0oFEzyournmmfAbqHLW1YmEHPdNqMbC7puSYdGqbIvQTqi3ycMxFr349B2xoA9/dsbwv+8Vo7RftuIJMuRJ+xrUZRLiikdBkY7QnGGsm8FMCXsXynrgY0JbaxVG4L3++S/4nKr4e02ts936kfHZRwVskrWyAbxyB45IqfkjDQJIw/kibyQV+fReXYGzttX65hTzqyQH+V8fAK7+6Wd</latexit>

p̂i = i
â†i � âip

2

vector of the canonical coordinates 

<latexit sha1_base64="CgfKgBXJZkrGhY53oR0x3gukPzI=">AAACF3icbVDLSgNBEJyNrxhfqx69DAZBL2FXRb0Ioh48RjBRyC5hdtIxQ2YfzPQGw7J/4cVf8eJBEa9682+cJHvwVdBQVHXT3RUkUmh0nE+rNDU9MztXnq8sLC4tr9ira00dp4pDg8cyVjcB0yBFBA0UKOEmUcDCQMJ10D8b+dcDUFrE0RUOE/BDdhuJruAMjdS2a16PYXaeb3sD4NldvnNMPbhLWmNZ5R7vxEizwsz9tl11as4Y9C9xC1IlBept+8PrxDwNIUIumdYt10nQz5hCwSXkFS/VkDDeZ7fQMjRiIWg/G/+V0y2jdGg3VqYipGP1+0TGQq2HYWA6Q4Y9/dsbif95rRS7R34moiRFiPhkUTeVFGM6Col2hAKOcmgI40qYWynvMcU4migrJgT398t/SXO35h7U9i73qyenRRxlskE2yTZxySE5IRekThqEk3vySJ7Ji/VgPVmv1tuktWQVM+vkB6z3Ly7QoJg=</latexit>

D̂(~x) = exp[r̂ · ~x] displacement operator
<latexit sha1_base64="yZ9X/EQfmLDyW8q5sa8Vs3MCGfk=">AAAB+3icbVBNT8JAEJ3iF+JXxaOXjcTEE2nRqEeiF49o5COhSLbLAhu222Z3SyBN/4oXDxrj1T/izX/jAj0o+JJJXt6bycw8P+JMacf5tnJr6xubW/ntws7u3v6BfVhsqDCWhNZJyEPZ8rGinAla10xz2ookxYHPadMf3c785phKxULxqKcR7QR4IFifEayN1LWL3piSZJIijwn08JRURNq1S07ZmQOtEjcjJchQ69pfXi8kcUCFJhwr1XadSHcSLDUjnKYFL1Y0wmSEB7RtqMABVZ1kfnuKTo3SQ/1QmhIazdXfEwkOlJoGvukMsB6qZW8m/ue1Y92/7iRMRLGmgiwW9WOOdIhmQaAek5RoPjUEE8nMrYgMscREm7gKJgR3+eVV0qiU3cvy+f1FqXqTxZGHYziBM3DhCqpwBzWoA4EJPMMrvFmp9WK9Wx+L1pyVzRzBH1ifP518lCw=</latexit>

~x 2 R2n

<latexit sha1_base64="vsnCtPBY1asmH16Z/KwtWAL0+9M="></latexit>

�(⇢̂; ~x) = Tr[⇢̂D̂(~x)]
CHARACTERISTIC 

FUNCTION
(Fourier transform of the Wigner

distribution of the state)

(loss, thermalization,amplification noise, etc)



<latexit sha1_base64="Urqe6yhbj4zbWaZWM6eBSlN/ZlQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyVRUcFN0Y3LCvYBTSmT6aQZOpkJM5NiCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HuPHzOqtON8WwuLS8srq4W14vrG5ta2vbPbUCKRmNSxYEK2fKQIo5zUNdWMtGJJUOQz0vQHN2O/OSRSUcHv9SgmnQj1OQ0oRtpIXXvfwyEteyHSqSdDkV1Bb0hw+pAdd+2SU3EmgPPEzUkJ5Kh17S+vJ3ASEa4xQ0q1XSfWnRRJTTEjWdFLFIkRHqA+aRvKUURUJ528kMEjo/RgIKQpruFE/T2RokipUeSbzgjpUM16Y/E/r53o4LKTUh4nmnA8XRQkDGoBx3nAHpUEazYyBGFJza0Qh0girE1qRROCO/vyPGmcVNzzyundWal6ncdRAAfgEJSBCy5AFdyCGqgDDB7BM3gFb9aT9WK9Wx/T1gUrn9kDf2B9/gD1uZcp</latexit>

�(⇢̂; ~x)

<latexit sha1_base64="qEWh+l2KfzTqBiNDgX3cOkBZT2A="></latexit>

�(�(⇢̂); ~x) = �(⇢̂;XT~x) exp[�1

4
~xTY ~x+ i~vT~x]

<latexit sha1_base64="MAuFMDtV+I+9ersVdGN51wHpLDI=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJIq6rHoxWMV+wFNLJvttl262YTdTbGE/BUvHhTx6h/x5r9x2+agrQ8GHu/NMDMviDlT2nG+rZXVtfWNzcJWcXtnd2/fPig1VZRIQhsk4pFsB1hRzgRtaKY5bceS4jDgtBWMbqZ+a0ylYpF40JOY+iEeCNZnBGsjde2SN6YkHWfIYwLdP6ZVkXXtslNxZkDLxM1JGXLUu/aX14tIElKhCcdKdVwn1n6KpWaE06zoJYrGmIzwgHYMFTikyk9nt2foxCg91I+kKaHRTP09keJQqUkYmM4Q66Fa9Kbif14n0f0rP2UiTjQVZL6on3CkIzQNAvWYpETziSGYSGZuRWSIJSbaxFU0IbiLLy+TZrXiXlTO7s7Ltes8jgIcwTGcgguXUINbqEMDCDzBM7zCm5VZL9a79TFvXbHymUP4A+vzB5pclCo=</latexit>

~v 2 R2n

<latexit sha1_base64="c4X3SKdfAnubB4jqdbEQELUxJpQ=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEhloEoAAWMFC2ORaBvUhOrGdVOrdhJsB6mq+gEs/AoLAwix8gFs/A1umwFajmTp6JxzdX1PkHCmtG1/W3PzC4tLy7mV/Ora+sZmYWu7ruJUElojMY+lG4CinEW0ppnm1E0kBRFw2gh6lyO/8UClYnF0o/sJ9QWEEeswAtpIrULxFnshvccMl7wQhAB8iF2cUffOa0N4YFJ22R4DzxInI0WUodoqfHntmKSCRppwUKrp2In2ByA1I5wO816qaAKkByFtGhqBoMofjI8Z4n2jtHEnluZFGo/V3xMDEEr1RWCSAnRXTXsj8T+vmerOuT9gUZJqGpHJok7KsY7xqBncZpISzfuGAJHM/BWTLkgg2vSXNyU40yfPkvpR2TktH1+fFCsXWR05tIv2UAk56AxV0BWqohoi6BE9o1f0Zj1ZL9a79TGJzlnZzA76A+vzBxFvmR4=</latexit>

Y � i(� �X�X†)
<latexit sha1_base64="wZlykiCj0xbcWgw4N+FtnsT1TR4=">AAACAXicbVBNS8NAEN34WetX1IvgZbEIHqQkVdRj0YvHKvZDmlg22227dLMJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLgGx/m25uYXFpeWcyv51bX1jU17a7umo0RRVqWRiFQjIJoJLlkVOAjWiBUjYSBYPehfjvz6A1OaR/IWBjHzQ9KVvMMpASO17N3G0R32uMQ392lJYg94yDQuyWHLLjhFZww8S9yMFFCGSsv+8toRTUImgQqiddN1YvBTooBTwYZ5L9EsJrRPuqxpqCRmkZ+OPxjiA6O0cSdSpiTgsfp7IiWh1oMwMJ0hgZ6e9kbif14zgc65n3IZJ8AknSzqJAJDhEdx4DZXjIIYGEKo4uZWTHtEEQomtLwJwZ1+eZbUSkX3tHh8fVIoX2Rx5NAe2keHyEVnqIyuUAVVEUWP6Bm9ojfryXqx3q2PSeuclc3soD+wPn8AZsOVmQ==</latexit>

X,Y 2 R2n⇥2n

(symplectic matrix)

GAUSSIAN BOSONIC CHANNELS

<latexit sha1_base64="rrhdhrMrwqL2g3OQYYM1KjtIdi0=">AAACT3icbZFLSwMxFIUz9dXWV9Wlm2AR2oVlRkXdCEU3XVawD+jUkkkzTmjmQXJHKMP8Qze682+4caGImTqL2noh8HHOvXmcOJHgCkzzzSisrK6tbxRL5c2t7Z3dyt5+V4WxpKxDQxHKvkMUEzxgHeAgWD+SjPiOYD1ncpv5vScmFQ+De5hGbOiTx4C7nBLQ0qji2m2P19hDcsKx7RFIWimGdEa29MIUa2veqeNrXF5qz/aYm6kvTpVHlarZMGeFl8HKoYryao8qr/Y4pLHPAqCCKDWwzAiGCZHAqWBp2Y4ViwidkEc20BgQn6lhMssjxcdaGWM3lHoFgGfq/ERCfKWmvqM7fQKeWvQy8T9vEIN7NUx4EMXAAvp7kBsLDCHOwsVjLhkFMdVAqOT6rph6RBIK+guyEKzFJy9D97RhXTTO7s6rzZs8jiI6REeohix0iZqohdqogyh6Ru/oE30ZL8aH8V3IWwtGDgfoTxVKPy9tssg=</latexit>

�(e�iĤt⇢̂eiĤt) = e�iĤt�(⇢̂)eiĤt
PHASE-INSENSITIVE

Condition 



Bosonic Gaussian Channels (BGC)

Holevo, Werner PRA 2001

“Completely Positive Trace Preserving (CPTP) Super-operators        which map Gaussian states  into Gaussian states”  

Weil (displacement) operator
characteristic function 

of the state

⇢̂ �! �(⇢̂)

<latexit sha1_base64="vraJH4bWhQEPXuLlAb5Vt5xoHo4=">AAACIHicbVDLSgMxFM34tr6qLt0Ei6CbMiOFuhTduKxgW6FTyp007QQzyZjcUcrQT3Hjr7hxoYju9GtMa8XngcDhnHO5uSdKpbDo+6/e1PTM7Nz8wmJhaXllda24vtGwOjOM15mW2pxHYLkUitdRoOTnqeGQRJI3o4vjkd+84sYKrc5wkPJ2An0leoIBOqlTrIYxYB6aWA9peJlBl4ZSq74R/RjBGH39qdZisfuV3esUS37ZH4P+JcGElMgEtU7xJexqliVcIZNgbSvwU2znYFAwyYeFMLM8BXYBfd5yVEHCbTsfHzikO07p0p427imkY/X7RA6JtYMkcskEMLa/vZH4n9fKsHfQzoVKM+SKfSzqZZKipqO2aFcYzlAOHAFmhPsrZTEYYOg6LbgSgt8n/yWN/XJQKVdOK6XDo0kdC2SLbJNdEpAqOSQnpEbqhJEbckceyKN36917T97zR3TKm8xskh/w3t4Bxomj9Q==</latexit>

�G(⇢̂; z) = exp[� 1
4z

T�z + imT · z]

<latexit sha1_base64="ScM5FRNkUMMOZeh6MdjIiUdu4B0="></latexit>

z 2 R2

<latexit sha1_base64="GV7QBBXQl8zzTTs5JYkI42dxDWQ=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJiqpKqEowVLIwF0YfUhMpxndaq40S2Ayqhn8LCAEKsfAkbf4PbZoCWI1k6Oude3eMTJJwp7Tjf1srq2vrGZmGruL2zu7dvlw5aKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5Gl1O/fU+lYrG41eOE+hEeCBYygrWRenbp0WMCeRHWwyDIbiZ31Z5ddirODGiZuDkpQ45Gz/7y+jFJIyo04Viprusk2s+w1IxwOil6qaIJJiM8oF1DBY6o8rNZ9Ak6MUofhbE0T2g0U39vZDhSahwFZnKaUS16U/E/r5vq8NzPmEhSTQWZHwpTjnSMpj2gPpOUaD42BBPJTFZEhlhiok1bRVOCu/jlZdKqVtxapXZdK9cv8joKcATHcAounEEdrqABTSDwAM/wCm/Wk/VivVsf89EVK985hD+wPn8A8hmTzQ==</latexit>

r̂ := (q̂, p̂)T

<latexit sha1_base64="0ZDyBjgsQKyP6KLQU1V9AIeK1Ik=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiVJAyIwVFEIpuXFboDdqxZNK0Dc1cTM4IZZidG1/FjQtF3PoK7nwb0+kstHog5OP/zyE5vxsKrsCyvozcwuLS8kp+tbC2vrG5ZW7vNFUQScoaNBCBbLtEMcF91gAOgrVDyYjnCtZyx1dTv3XPpOKBX4dJyByPDH0+4JSAlnrmfndEIJYJPr/ApZTvkuP0DpOj23rPLFplKy38F+wMiiirWs/87PYDGnnMByqIUh3bCsGJiQROBUsK3UixkNAxGbKORp94TDlxukeCD7XSx4NA6uMDTtWfEzHxlJp4ru70CIzUvDcV//M6EQzOnJj7YQTMp7OHBpHAEOBpKLjPJaMgJhoIlVz/FdMRkYSCjq6gQ7DnV/4LzZOyXSlXbirF6mUWRx7toQNUQjY6RVV0jWqogSh6QE/oBb0aj8az8Wa8z1pzRjazi36V8fENCMCYyg==</latexit>

[q̂, p̂] = i

<latexit sha1_base64="vMmWUlwauvHV2v8cex+KkYGPo2M=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmkoBuh6MZlBfuANJTJdNIOnTycuRFCiL/ixoUibv0Qd/6N0zQLbT1wuYdz7mXuHC8WXIFlfRsrq2vrG5uVrer2zu7evnlw2FVRIinr0EhEsu8RxQQPWQc4CNaPJSOBJ1jPm97M/N4jk4pH4T2kMXMDMg65zykBLQ3NmjOYEMge8rOix7l7xYdm3WpYBfAysUtSRyXaQ/NrMIpoErAQqCBKObYVg5sRCZwKllcHiWIxoVMyZo6mIQmYcrPi+ByfaGWE/UjqCgEX6u+NjARKpYGnJwMCE7XozcT/PCcB/9LNeBgnwEI6f8hPBIYIz5LAIy4ZBZFqQqjk+lZMJ0QSCjqvqg7BXvzyMumeN+xmo3nXrLeuyzgq6Agdo1NkowvUQreojTqIohQ9o1f0ZjwZL8a78TEfXTHKnRr6A+PzB/qrlP0=</latexit>

� �
⇥

0 �i
i 0

⇤

<latexit sha1_base64="VdSa3aOO+W1CwkGzA/UPFZD1WZ4="></latexit>

Gaussian states = Gibbs states of arbitrary Hamiltonians
which are quadratic in the field operators 

�(⇢̂; z) := Tr
h
⇢̂ eir̂

T ·z
i

<latexit sha1_base64="3XwgO7E6jaWzwttx808rFPPkWE8="></latexit>

Covariance matrix

symplectic form

�

<latexit sha1_base64="iBEvMXh43Yw0Vm33LestlvYESBA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcGnUiNq433KZbAK0TryQNKNEZ179Gk5ikgkpDONZ66LmJ8TOsDCOcLmqjVNMEkxme0qGlEguq/ay4dYEurDJBYaxsSYMK9fdEhoXWcxHYToFNpFe9XPzPG6YmvPEzJpPUUEmWi8KUIxOj/HE0YYoSw+eWYKKYvRWRCCtMjI2nZkPwVl9eJ72rptdqth5ajfZtGUcVzuAcLsGDa2jDPXSgCwQieIZXeHOE8+K8Ox/L1opTzpzCHzifP+T/jiY=</latexit>


